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Abstract. The canonical paracontact connection is defined and it is shown that 
its torsion is the obstruction the paracontact manifold to be paraSasakian. A D- 
homothetic transformation is determined as a special gauge transformation. The 
77-Einstein manifold are defined, it is prove that their scalar curvature is a con- 
stant and it is shown that in the paraSasakian case these spaces can be obtained 
from Einstein paraSasakian manifolds with a D-homothetic transformations. It 
is shown that an almost paracontact structure admits a connection with totally 
skew-symmetric torsion if and only if the Nijenhuis tensor of the paracontact 
structure is skew-symmetric and the defining vector field is Killing. 
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1. Introduction 

In [B] Kaneyuki and Konzai defined the almost paracontact structure on pseudo- 
Riemannian manifold M of dimension (2n-|- 1) and constructed the almost paracom- 
plex structure on M^^"^^) x M. In this paper we study the properties of an almost 
paracontact metric manifold. We consider gauge (conformal) transformations of a 
paracontact manifold i.e. transformations preserving the paracontact structure. We 
define D-homothetic transformations as a special gauge transformation (homothetic) 
and study the behavior of the Einstein condition under D-homothetic transforma- 
tions on a paracontact metric manifold. We consider the ?7-Einstein manifold, prove 
that their scalar curvature is a constant and show that in the paraSasakian case 
these spaces are the images of Einstein paraSasakian manifolds under D-homothetic 
transformations. 
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We define a canonical paracontact connection on a paracontact metric manifold 
which seems to be the paracontact analogue of the (generalized) Tanaka- Webster 
connection. We show that the torsion of this connection vanishes exactly when 
the structure is para-Sasakian and compute the gauge transformation of its scalar 
curvature. 

We introduce and study also the notion of paracontact manifolds with torsion. 
The paracontact manifolds with torsion are manifolds, which admit a linear almost 
paracontact connection with totaly skew-symmetric torsion. We prove that an al- 
most paracontact structure admits a connection with totally skew-symmetric torsion 
if and only if the Nijenhuis tensor of the paracontact structure is skew-symmetric 
and the defining vector field is Killing. In the contact case this connection is studied 
in tai. 

2. Almost paracontact manifolds 

A (2n-|-l)-dimensional smooth manifold M^^"^-^) has an almost paracontact struc- 
ture {(p, ^, ?7)if it admits a tensor field if of type (1, 1), a vector field ^ and a 1-form 
r] satisfying the following compatibility conditions 

(i) (p{^)=0, r]oip = 0, 

(ii) ri{^) = 1 ip"^ = id — rj (g) ^, 

(2-1) [iii) let D = Ker rj be the horizontal distribution generated by r/, then 
the tensor field if induces an almost paracomplex structure (see [5]) 
on each fibre on D. 

Recall that an almost paracomplex structure on an 2n-dimensional manifold is a 

(1.1) -tensor J such that = 1 and the eigensubbundles T'^,T~ corresponding 
to the eigenvalues 1,-1 of J, respectively have equal dimension n. The Nijenhuis 
tensor N of J, given by Nj{X,Y) = [JX,JY] - J[JX,Y] - J[X,JY] + [X,Y], is 
the obstruction for the integrability of the eigensubbundles , T~ . If = then 
the almost paracomplex structure is called paracomplex or integrable. 

An immediate consequence of the definition of the almost paracontact structure 
is that the endomorphism (p has rank 2n, cpS, = and 77 o = 0, (see [H [2] for the 
almost contact case). 

If a manifold M^'^"'^^^ with ((/?, ^, r7)-structure admits a pseudo-Riemannian metric 
g such that 

(2.2) g{^X, ipY) = -g{X, Y) + 7?(A)r/(y), 

then we say that M*^^"^^^ has an almost paracontact metric structure and g is 
called compatible metric. Any compatible metric g with a given almost paracontact 
structure is necessarily of signature {n + 1, n). 
Setting y = ^, we have r]{X) = g[X,£). 

Any almost paracontact structure admits a compatible metric. Indeed, if G is 
any metric, first set G{X,Y) =_G{^p'^X,ip^Y) + r]{X)r]{Y); then r]{X) = G{X,i). 
Now define g by g{X,Y) = \{G{X,Y) - G{<pX,^Y) + r]{X)r]{Y)) end check g is 
compatible. 
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The fundamental 2-form 

(2.3) F{X,Y)=g{X,ipY) 

is non-degenerate on the horizontal distribution D and r] A 7^ 0. 

Definition 2.1. If giX,ipY) = dri{X,Y) (where d7]{X,Y) = liXr]{Y) - Yt]{X) - 
ri{[X, Y]) then 7/ is a paracontact form and the almost paracontact metric manifold 
{M,ip,ri, g) is said to be paracontact metric manifold. 

The manifold M is orientable exactly when the canonical line bundle E = {r] £ 
: Ker = D} is orientable, since D is orientable by the paracomplex structure 
if. Any two contact forms fj,ri G E are connected by 

(2.4) fj = a7], 

where a is non-vanishing smooth function on M. We study this conformal (gauge) 
transformation in Section\^ 

Remark 2.2. We mention that some authors say M^^"^-^) has an almost paracontact 
metric structure if it admits a Riemannian metric g such that g{(pX, ipY) = g{X, Y) — 
ri{X)rj(Y) (see [SlU]). In our paper the metric is a pseudo-Riemannian and metric 



satisfies a condition (2.2) 



For a manifold M^^""''^) with an almost paracontact metric structure {(p, ^, rj, g) 
we can also construct a useful local orthonormal basis. Let U be a coordinate 
neighborhood on M and Xi any unit vector field on U orthogonal to ^. Then i^Xi 
is a vector field orthogonal to both X and and = —1. Now choose a 

unit vector field X2 orthogonal to ^, Xi and ipXi. Then ipX2 is also vector field 
orthogonal to ^, Xi, (fXi and X2, and \(pX2\^ = —1. Proceeding in this way we 
obtain a local orthonormal basis (Xj , c/^Xj , ^) , i = l...n called a (p-basis. 

Hence, an almost paracontact metric manifold {M'^'^'^^,ip,r],^,g) is an odd di- 
mensional manifold with a structure group U(n, M) x Id,, where U(n, M) is the para- 
unitary group isomorphic to GL(n,M). 

Let M^^"^"*^^ be an almost paracontact manifold with structure ((/?, ^, r/) and con- 
sider the manifold M^^^+i) x M. We denote a vector field on M^^^+i) x R by (X, / J^) 
where X is tangent to M^^""^^^, t is the coordinate on M and f is a C°° function on 
jYf(2n+i) ^ almost paracomplex structure J on M^^"'^^) x M is defined in [6] 

by 

i(X./i^) = (^X + «,,(X)|). 

If J is integrable, we say that the almost paracontact structure {p>,i,rj) is normal. 

As the vanishing of the Nijenhuis tensor of J is necessary and sufficient condition 
for integrability, we express the condition of normality in terms of Nijenhuis tensor 
of ip. Since Xj is tensor field of type (1,2), it suffices to compute Xj((X, 0), (1", 0)) 
and Xj((X, 0), (0, |)) for vector fields X and Y on m(2"+i). 



Xj((X, 0), {Y, 0)) = ([X, y], 0) + {[ifX, pY],{pXr^{Y) - ^yr/(X))-)- 
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iN^iX,Y) - 2dviX,Y)^, ii£^xri)Y - 
Nj{{X,0), (0, |)) = [(^X,r?(X)|), (^,0)] - J[(X,0), (^,0)] = 

= -{{£^^)X,{£^v)xf^). 
We are thus lead to define tensors N^^\ N^'^\ N^^'^ and Ar(4) by 
N^'\X, Y) = N^iX, Y) - 2dviX, Y)^, 

Ar(2)(x,y) = {£^xv)y - {£^Yv)x, 

N^'HX) = {£^<p)X, 
ArW(X) = i£^rj)X. 

Clearly the almost paracontact structure {f, ^, rj) is normal if and only if these four 
tensors vanish. 

Proposition 2.3. For an almost paracontact structure {(p,^,r]) the vanishing of 
_/Y(i) implies the vanishing N^'^\ N^^^ and N^^\- 

For a paracontact structure {'^,^,ri,g), N^^^ and N^^^ vanish. Moreover N^^^ 
vanishes if and only if ^ is a Killing vector field. 

Proof Setting y = ^ in dri{X,Y) = l{Xri{Y) - Yri{X) - ri{[X,Y]) and we get 
dri{X,^) = 0. We have 

= N^iX,0 = -vi^X,^] + ip^[X,^] = ^{{£i:^)X). 

Applying ip and noting that drj^ipX, ^) = implies <fX]) = 0, we have N^^^i = 0. 
Moreover (£^ri)ipX = 0, but {£^r])$, = is immediate and hance N^*'' = 0. Finally, 
we have 

N^iifX, Y) - 2dv{ipx, y)e = -n(^\x, y)c 

which simplifies to N^'^^ = 0. 

If the structure is paracontact we have already seen that iV(4)(X) = {£^'n)X = 
2dr]{C, X) = 0. Now A'"^^) can be written 

Ar(2)(x, y) = 2dr]{ipX, Y) + 2dr]{X, (pY) = 2g{^X, ipY) - 2g{ipY, ipX) = 0. 

Turning to N^^\ since drj is invariant under the action of ^, we have 

= {£idr^){X, Y) = ^g{X, pY) ^ gi[^, X] , ^Y) - g{X, ^[^, Y]) = 

= i£^g)iX,Y)+g{X,N^^\Y)). 

□ 

A paracontact structure for which ^ is Killing vector field is called a K-paracontact 
structure. 
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Proposition 2.4. For an almost paracontact metric structure (9?, the co- 

variant derivative V(/? of (p with respect to the Levi-Civita connection V is given 
by 

(2.5) 2g{{Vxip)Y, Z) = -dF{X, Y, Z) - dF{X, ipY, ipZ) - iV(^)(y, Z, ipX) 
+iV(2)(y, Z)r]{X) - 2drj{ipZ, X)r]{Y) + 2d7]{^Y, X)rj{Z). 



For a paracontact metric structure {ip,(,,rj,g), the formula (2.5) simplifies to 
(2.6) 2g{{Vx^)Y, Z) = -N'^^\y, Z, ipX) - 2drj{^Z, X)r]{Y) + 2dr]{ipY, X)r,{Z) 
Proof. The Levi-Civita connection V with respect to g is given by 

2g{VxY, Z) = Xg{Y, Z) + Yg{Z, X) - Zg{X, Y) + g{[X, Y],Z) + 

+g{[Z,X\,Y)-g{[Y,Z],X). 
On the other hand, dF can be expressed in the following way 

dF{X, y, Z) = XF{Y, Z) + YF{Z, X) + ZF{X, Y) - F{[X, Y],Z)- 

-F([z,x],y)-F([y,z],x). 



The last two equations imply (2.5). The equation (2.6) follows from equation (2.5) 
and equalities N^'^'> = and F = drf. □ 

We have se en t hat on a contact manifold, N^^'^ vanishes if and only if ^ is Killing 



{Proposition 2.3) For a general paracontact structure the tensor field A^'-'^^ encodes 



many important properties and for simplicity we define a tensor field /i on a para- 
contact manifold by 

Lemma 2.5. On a paracontact matric manifold, h is a symmetric operator, 
(2.7) Vxi = -^X + iphX, 

h anti-commutes with ip and trh = /i^ = 0. 

Proof. We have already seen that on a paracontact metric manifold, Vg(/3 = 0, 
V^^ = and iV^^) = q. Thus 

-g{{£^v)X, Y) + r,{VxvY) + rj{V ^xY) - ri{[ipX, Y]) = 

= gi^^xt Y) + vi^^xY) - vii^X, Y]) = {£^xv)Y = {£^yv)X = 

-g{{£^v)Y, X) + vi^Y^X) + vi^^yX) - v{[^Y, X]). 

Rence g{{£^v)X,Y) = g{{£i:^)Y,X). 

For the second statement, using Proposition |2.4[ we have 

2g{{Vxv)^, Z) = -g{NW (^, z),ipX) - 2di^{^Z, X) = -g{{£^^)Z, X)+ 
+2g{Z, X) - 2r]{XUZ) = -g{{£^^)X, Z) + 2g{Z, X) - 2rj{XUZ) 
and hence (pVxC = hX — X + rj^X)^. Applying ip we obtain 

Vx^ = -<pX + ifhX. 
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To see the anti-commutativity, note that 
2g{X, ipY) = 2dv{X, Y) = g{Vx^, Y) - giVy^, X) = -g{ipX, Y) + g{y,hX, Y) + 

+g{ipY,X)-g{iphY,X). 
Therefore = g{iphX, Y) + g(Y, hipX) giving hip + iph = 0. From the equahty 
LpVxi = hX -X + 7]{X)i we get /i^ = 0. □ 

Corollary 2.6. On a paracontact manifold, St] = 0, where 5 is the co- differential. 
Lemma 2.7. On a paracontact metric manifold we have the formula 
(2.8) {V^xy^)^Y - {Vxv)Y = 2g{X, Y)^ - {X - hX + r/(X)e)r/(y) 



Proof. Either using ( |2.6[ ) or by direct differentiation of Vy^ = —ipY + (phY, we 
obtain 

(2.9) {VxF){ipY,Z)-{VxF){Y,^Z) = r]{Y)g{X-hX,^Z) + i^{Z)g{X-hX,ipY). 



Replacing Z by cpZ and using (2.6), we get 

(2.10) {VxF){ipY, ^Z) - {VxF){Y, Z) = v{Y)g{X - hX, Z) - v{Z)g{X - hX, Y) 
Now, since dF = we have 

(2.11) - {VxF){Y, Z) - {VyF){Z, X) - {VzF){X, Y)- 
-{VxF){ipY,ipZ) - {V^yF){^Z,X) - {V^zF){X,ipY)+ 
+{V^xF){^Y, Z) + (V^yF)(Z, ^X) + {VzF){^X, ^Y)+ 

+{V^xF){Y,ipZ) + {VYF){ipZ,ipX) + {V^zF){ipX,Y) = 0. 
Now ([2^, ( [2I0I ) and ( |2lT| ) give 

{V^xF){pY, Z) - {VxF){Y, Z) = -2g{X, Y)r,{Z) + g{X - hX + r,{X)^, Z)r,{Y) 
from which the result follows. □ 
We recall that a paraSasakian manifold is a normal paracontact metric manifold. 

Theorem 2.8. An almost paracontact metric structure {'P,(,,'r],g) is paraSasakian 
if and only if 

(2.12) {Vxv)Y = -g{X,Y)^ + rj{Y)X 
In particular, a paraSasakian manifold is K-paracontact. 



Proof. Suppose {'P,(,,ri,g) is paraSasakian. Then Proposition 2.4 yields 

2g{{Vx^)Y,Z) = -2di^{^Z,X)r]{Y)+2drj{^Y,X)7]{Z) = 2g{-g{X,Y)^+r]{Y)X, Z). 

Conversely, assume (S/ x^)Y = —g{X,Y)S, + r]iY)X, set y = ^ to get —pVxS, = 
— r/(X)^ + X. Hence Vx'^ = —'■pX and therefore 

2dri{X, Y) = g{Vx^, Y) - g(Vy^, X) = 2g{X, ^Y) 

showing that {ip,(,,r],g) is a paracontact metric structure. 
Now, we calculate 

N^{X, Y)-2di]{X, y)e = i^X, <fY] -piifX, Y]-^[X, ipY]+ip^[X, Y]-2dT]{X, Y)( = 
= {V^x^)Y - {V^Yp)X - ip{Vx^)Y + (^(Vy^)X - 2d7j{X, Y)^ = -g{ipX, Y)C+ 



CANONICAL CONNECTIONS ON PARACONTACT MANIFOLDS 



7 



+7j(Y)^X + g{ipY, X)^ - v{X)ipY - 7]{Y)ipX + r]iX)^Y - 2drj{X, Y)^ = 
= 2g{X,^Y)-2dT]{X,Y)( = 0. 
Therefore, {f,(,,i],g) is paraSasakian. □ 

3. Curvature of Paracontact manifolds 

In this chapter we discuss some aspects of the curvature of paracontact manifolds. 
We begin with some prehminaries concerning the tensor field h. 

Proposition 3.1. On a paracontact manifold M^"~^^ we have the formulas 

(3.13) {Vi:h)X = -ifX + h'^ipX + ^R{^,X)^, 

(3.14) (i?(e, X)C + ipR{^, ^X)C) = 2ip'^X - 2h^X 
Proof. Using Lemma |2.5[ we calculate 

R{^, X)^ = V^{-^X + ifhX) + X] - vh[^, X] . 
Applying ip, taking into account that 'V^ip = 0, we obtain 

^i?(e, x)e = - vxe + (v^/i)^ + hvxc 

Apply Lemma 2.5 to get ( |3.13 ). Multiply (3.13) with to derive 



i?(^, X)C = ip^X + ip{V^h)X - h^X. 
Taking into account that ipR{(,, pX)^ = Lp^X - (p(y^h)X - h'^X, we get l\3.U\). □ 



Corollary 3.2. On a paracontact metric manifold M'^^'^^ the Ricci curvature in the 
direction of ^ is given by 

(3.15) ffic(^,0 = -2n+ 

On a K -paracontact metric manifold M^"^^ we have Ric{(,, ^) = — 2n. 
Proposition 3.3. On a paraSasakian manifold 

R{X,Y)^ = r]{X)Y-r]{Y)X. 

Proof. We calculate 

R{X, Y)C = -Vx^Y + Vy^X + ip[X, Y] = -{Vx^)Y + {Vy^)X = 

= r]{X)Y - r]{Y)X. 



□ 



Lemma 3.4. The curvature tensor of a paracontact metric manifold satisfies 

(3.16) i?(e, X, Y, Z) = -{VxF){Y, Z) + g{X, {VY^h)Z) - g{X, {Vzvh)Y), 

(3.17) R{C, X, Y, Z) + R{i, X, ipY, pZ) - R{C, pX, <pY, Z) - R{^, <pX, Y, ^Z) 
= -2{VhxF){Y, Z) + 2g{X - hX, Z)r,{Y) - 2g{X - hX, Y)r]{Z). 
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Proof. Differentiating V^C = —(fZ + (phZ, we obtain 

R{Y, Z)i = -{Vy^)Z + (Vzv^)y + (Vy(^/i)Z - {yz^h)Y 
which, since dF = 0, yields the first formula ( 3.16| ). Set 

A{X,Y,Z) = -{VxF){Y,Z) - {VxF){^Y,^Z) + {V^xF){Y,^Z) 

+(y^xF)iipY,Z) 

B{X, Y, Z) = g{X, {VYVh)Z) + g{X, {V^YVh)^Z) - g{ipX, {VY^h)ipZ) 

-g{ipX,{V^Y^h)Z). 

Use ( [3l6l ) to see that the left hand side of ( [3T7| is equal to A{X, Y, Z)+B{X, Y, Z)- 
B{X, Z, Y) . The proof of Lemma |3.4| yields 

A{X, Y, Z) = -2g{X, Y)rj{Z) + 2g{X, ZUY). 

It is straightforward to show that rj{(\/^Yh)Z) = g(Y + hY, hZ). Rewrite B in the 
form 

B{X, y, Z) = g{X, {VYV)hZ) - g{iphX, {V^yv)Z) - g{ipX, {V^YV)hZ)- 

-giipX, h{VYV)Z) + r]iX)(y^YV)hZ. 

Use Lemma |3.4| again to obtain 

B{X, Y, Z) = -2g{hX, (Vy(^)Z) + 2g{hX, Y)r]{Z) + 2g{hY, hZ)r]{X). 

Finally, compute A{X,Y,Z) + B{X,Y,Z) - B{X,Z,Y), use = to get the 
result. □ 

Let us fix a local coordinates (x^, . . . , x'^^'^^). We shall use the Einstein summation 
convention. The equations (2.1), (2.2) and (2.7), in local coordinates, have the 
expression 

Qrs'/j^l = -Qjk + r]jm, 9jrC = Vj- 



We get using (2.6) that 



Vir]j - VjTji = 2ipij = 2girip] 



(3.18) 

(3.19) Vrfjiif^ and Virjrif^ are symmetric in i,j. 
Moreover, Lemmo |2.5| implies 

(3.20) Vi-r^j = ifij + ipirKj, hij = hji = gjrh^i, ip\Kj = -h^Lp^j, hij^,^ = 0. 
Consequently, (3.20) yields 

(3.21) yrmyr]j = -gij + rjirjj - 2hij - hir^. 



From the equations (3.14) and (3.15) we also have 

(3.22) RirsjCe - RarsbCe^i^'j = -^gij + 27/^7?, + 2h,rh'^ , 

i?ic(C,0 = -2n+ 
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where = g^^ g^^hijhrs, for h = {hij). 

Lemma 3.5. Let {M, g, Lp,r], ^) be a paracontact pseudo-Riemannian manifold. Then 
the Ricci tensor Ric of the Levi-Chevita connection satisfies the following relations: 

(3.23) RicjrC = VrVjC = VrV'^7]j - Anrij, 

(3.24) iPjVVripks + (fiV^Vripjs = 2Vr(^sjV>| - RiCjrCVk - RiCkrCVj 

+2hjrhl + Ahjk + 2gjk - 2(4n + l)r/j%. 

Proof. Contracting Rfj^C = VjVj^'^ — VjVi^'^ with respect to i and k, we obtain 
the first equahty in (3.23). To verify the second equality, we observe that VV^^yj = 
V^{2Lprj) + V^VrVr- Then use (3.18) to get (3.23). Next, applying the hyperbolic 
Laplacian V^V^ to fji^ks = gjk — ^jVk, we obtain 

The latter together with ( |3^ and ([333]) yields ([334]). □ 

The obstruction an almost paracontact pseudo-Riemannian manifold to be a 
paraSasakian, described in Theorem 2.8 is the tensor P = (Prsi) defined by 

(3.25) Prsi — ^r'^si ~ Vidrs + Vs9ri- 



Lemma 3.6. On a paracontact metric manifold PrsiPP is given by 



(3.26) 



P P^' 



VrV^siVc/?^ + 2hij - gij - (2n - l)i]ir]j. 



Proof. First we get 
P P^^ - 



Vr^^sjVv?^ + r]sViipj + r]sSIj(fl + gij - (2n + l)ryjr/j. 



Since rjsViipj = —ipjVirjs, applying (3.20) to the last equation, we obtain (3.26). □ 
We define the *-Ricci tensor Ric*j and the *-scalar curvature seal* by 
Ric*j = gP'Rpiik^^jip^s, seal* = g'^Ric*j. 
Lemma 3.7. The symmetric part of the *-Ricci tensor is given by 

(3.27) Ric*j + Ric*i = -Riaj + Ricrs^W] - 2(2ra - l)gij + 

+2{n - l)r]irij + PrsiPj' + hrh]. 
Proof. By the Ricci identity for we obtain 

(3.28) ViVuV>] - ^kVi^p] = RlkaV>'; - RfkjV>l 
Contracting the last equation with respect to i and k, we get 



(3.29) 2nVi7]j - ViVi^] = 
Transvecting (3.29) by we obtain 

(3.30) 2nVir]j^i - ^iViVw) 
Transvecting (3.29) by —(p^, we obtain 
(3.31) 



-Ricia^'^ - R^ijifl. 



-Ricia(p'jipi + Ric*k- 



2n\/ir]jifl + iflViViip] = Ricik - RiciaCVk + Ric] 



Ik- 
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Change I to j in (3.31). Then the obtained result and (3.30) imply 

Aniprjifl - iplV\Vripij - Vjipir) = RiCjk - RiCrs'/'j^l - RiCjs^^Ilk + 2Ric*k. 

Since Vrfij + 'Viipjr + 'Vjfri = 0, the above is written as 

-4:n{gkj - -qkilj) + (flV'Viipjr = Ricjk - RiCrs'/'j'-pl - RiCjsC^Vk + 2ffic*fc. 

Take the symmetric part of the latter equation, use (3.24) and (3.26) to derive 
dS^Tl). □ 



We define P(X) = (P^^X*). Then we get |P(X)|^ = {PrsiP-'X'X^). By (3.26) 
it easy to verify 

(3.32) \P{0\' = \h\'. 

Therefore, if {M,ip,7], g) is a K-paracontact manifold, then |-P(OP = 0- 
By Lemma |3.7| we obtain the following 



Corollary 3.8. If a paracontact manifold (M, r/, g) is a paraSasakian, then 
(3.33) RiCij + Ric*i = —Ricij + Ricrs^i^j — 2(2n — l)gij + 2(n — l)rjir]j 



The equalities (3.27) and (3.15) give 
Corollary 3.9. Let (M, ip, ij, g) he a paracontact manifold. Then 



(3.34) 



seal + seal* + 4n 



1 



2n, 



where \P\^ = |V(/9p — An. If {M,ip,ri,g) is paraSasakian manifold, then 



seal + seal* + 4n 



0. 



In the contact case the identity (3.34) has been proven by Olszak ([7], see also 
[TO]). 

Theorem 3.10. Let {M,(p,r], g) be a locally conformally equivalent to a flat para- 
contact manifold of dimension 2n + 1 ^ 5. For any unit X orthogonal to ^ 

(3.35) RiciX, X) - Ric(ipX, cpX) = -An — ^ -(2n(2n + 1) + seal) 

n{2n — 3) 

+'^i^^mx)\' + \h[xr)- 

If (M, r/, g) is a conformally flat paraSasakian manifold and 2n + 1 ^ 5, then 

1 



Ric{X, X) - Ric{(pX, (pX) = -4n 



(2n(2n + 1) + seal). 



n{2n - 3) 

Proof. Recall that a Riemannian manifold is locally conformally flat exactly when 
the Weyl curvature vanishes due to the Weyl's theorem. Let (M, ip, rj, g) be a con- 
formally flat paracontact manifold. Then the Riemannian curvature tensor R is 
expressed as 

1 seal 
Rijki = 2n — I ^-^^^3k3ii — Ricikgji — Ricjigik + Riciigjk) — 2^(2n — l) ^^J^^^' — dikOji) 
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Hence, Ric*{X, X) for any unit X _L ^ is given by 

1 sen J 

Ric*{X,X) = -^--^{Ric{X,X) - Ric{ipX,^X)) + ^^^^^ _ 



On the other hand, (3.27) gives 

2Ric*{X,X) = -Ric{X, X) + Ric{ipX, ifX)) - 2{2n - 1) + |P(X)|2 + \h{X)\'^. 



Combining the last two equations we obtain (3.35). □ 



Remark 3.11. Let {ei,ipei,(,) be an adapted basis of a conformally flat paracontact 



manifold. Then, using (3.15) and (3.35), we can show that the scalar curvature seal 
is given by 

2n — 1 , 2n — 3 ,,,9 

seal = -2n(2n + 1 + P ^ + -, r /iP. 

^ ' 4(n- l)(2n- 3)' ' 2(n - 1) ' ' 

Theorem 3.12. // a paracontact manifold M^"^-'^ is of constant sectional curvature 
c and dimension 2n + 1 > 5, then c=-l and = 0. 



Proof. Recall from Proposition^^ihsii, \{R{i, X)(, + ipR{(„ ipX)0 = f^X - h^X; 
thus if R{X, Y)Z = e{g{Y, Z)X - g{X, Z)Y), then c(r/(X)^ -X - <f'^X) = 2ip'^X - 
2h'^X. Therefore h^X = (c + l)ip^X and hence \h\^ = 2n(c + 1). Now from 
Lemma I 



(yhxF){Y, Z) = -(c + l)g{X, Y)7]{Z) + (c + l)g{X, Z^Y) + g{hX, Y)r]{Z) 

-g{hX,Z)rj{Y). 

Replacing X by hX, we have 

{V^,2xF){Y, Z) = -(c + l)g{hX, Y)r,{Z) + (c + l)g{hX, Z)rj{Y) + g{h^X, Y)r,{Z) 

-g{h^X,Z)r,{Y). 

Hence, (c + l)((Vx^)l" + g{X - hX, Y)C - {X - hX)r]{Y)) = 0. We have two cases 
CASE 1. If c = -1 then we have j/ip = 0. 

CASE 2. If -1 then {Vxip)Y = -g{X - hX,Y)C+ {X - hX)T]{Y). Using the 
latter, we compute |V(/9p and applying = 2n(c+l), we obtain |V(/9p = 4n(c+2). 
On the other hand seal = 2n{2 n + l )c and seal* = —2ne as is easily checked. Now 



from the formula in Corollary 3.9 we obtain An {e + 1) = 4n(c + 1). This is a 



contradiction, because n > 1 and c 7^ — 1. □ 



We restrict our attention to paraSasakian manifolds. We begin with 
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Lemma 3.13. On a paraSasakian manifold we have 
(3.36) 

R{X, Y, ifZ, W) + R{X, Y, Z, ipW) = -dr]{X, W)g{Y, Z) + dr^{X, Z)g{Y, W) 
-dri{Y, Z)g{X, W) + dri{Y, W)g{X, Z), 

(3.37) Ri^X, ^Y, ^Z, ^W) - R{X, Y, Z, W) = ri{X)rj{W)g{Y, Z) 
+r,{Y)r,{Z)g{X, W) - 7]{Y)7]{W)g{X, Z) - r]{XUZ)g{Y, W), 

(3.38) R{X, ifX, Y, ipY) = -R{X, Y, X, Y) + R{X, ipY, X, ipY) 
+r]{X)7]{Y)g{X, Y) + 2{d7]{X, Y)dv{X, Y) - g{X, Y)g{X, Y) + \X\^\Y\^). 

(3.39) Ric{X, tpY) + Ric{ipX, Y) = -dr]{X, Y) 

Proof. The first equality follows by definition and {'S/xf)Y = ~5(-^7^)C + vO^)-^- 
Using the first equality we obtain the second. The third equality follows by the first 
Bianchi identity to R{X, cpX, Y, ipY) and using the first equality. Finally choosing a 
(/?-basis and second equality we obtain the fourth equality. □ 

Corollary 3.14. On a paraSasakian manifold for X, Y,Z, W orthogonal to ^ we have 

R{ipX, ipY, ifZ, ifW) = R{X, Y, Z, W); 

R{X, ipX, Y, ipY) = -R{X, Y, X, Y) + R{X, ipY, X, ipY) + 

+2{dr,{X, Y)di^{X, Y) - g{X, Y)g{X, Y) + \X\^\Y\^); 

Ric{X, ipY) + Ric{ipX, Y) = 0. 



The Bianchi identities and equation (3.37) yield 



Lemma 3.15. The Ricci tensor Ric of a (2n + 1) — dimensional paraSasakian man- 
ifold M satisfies the relations 

. 2n+l 

Ric{X, Y) = -Y, ^(^' "PY^ e^, ifBi) - (2n - l)g{X, Y) - r/(X)r/(y), 

i=l 

Ric{<^X,ipY) = -Ric{X,Y) - 2nri{X)T]{Y), 
{VzRic){X,Y) = {VxRic){Y,Z) - {V^YRic){^X, Z) - r]{X)Ric{^Y, Z) 
-2r]{Y)Ric{ipX, Z) - 2nr]{X)g{^pY, Z) - ^nri{J)g{ipX, Z). 

4. Canonical paracontact connection and conformal (gauge) 

transformation 

Let {M,ip,S^,rj,g) be a paracontact manifold. All paracontact forms fj generating 
the same horizontal distribution D = Ker rj are connected hy fj = arj for a positive 
smooth function a on M. We consider another paracontact form rj = ar] and define 
structure tensors {if,(,,g) corresponding to rj using the condition: 

(*) For each point x of M, the actions of and are identical on Dx 

By calculating dr] = d{ari), we obtain 

(4.40) 2ipij = Uirjj - Oj-qi + 2aLpij, 
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where ai = Via. By ^Vij = Oj ViC = 1 ^-iid (4.40), we obtain ^cj = ^■^cr, and 



_ 1 .i. 1 
So we define C by = ^^'^ g^t 



(4.41) ^fc = _^fc_ fc^,; 



a 

By (pij(p^'^ = 6^ — ^^rji and rjjip^ = 0, ip^^ is determined: 

(4.42) = -if^''. 

a 

Now, by the condition (*) we can put = (/j*- + v^7]j for some vector field v on M. 

is 
1 

By the expressions of ifij and we obtain 

Qij = cr{gij - r]iCj - rjjd) + a{a - 1 + \C\^)ViVj- 
The inverse matrix (g^^) of (gij) is given by 



By Vi'?) = and ^j^;^ — CVki v is determined: 



Z(T 



The last relation can be rewritten as 

(4.43) a{g^^-l^l^)=g^'^-i^e- 

Summarizing the above discussions, we obtain 

Lemma 4.1. Under condition (★), a gauge transformation r] ^ rj = arj of a para- 
contact form T] induces the transformation of the structure tensors of the form: 

e^ = -(e' + C'), C' = ~V^',a\ 
a Za 

gij = cr{gij - riiCj - rjjCi) + a{a - 1 + \C\^)ViVj- 



We call the transformation of the structure tensors given by Lemma 4.1 a gauge 
(conformal) transformation of paracontact pseudo-Riemannian structure. When a 
is constant this is a D-homothetic transformation studied in the Subsection 14.11 

On a strongly pseudo-convex CR-manifold Tanaka [9 and Webster [12] introduced 
a canonical connection preserving the structure called Tanaka-Webster connection. 
Tanno generalized this connection extending its definition to the general contact 
metric manifold. 

Following |11] . we consider the connection V defined by 

.4 ^xY = VxY + viX)^Y - v(Y)Vx^ + iVxv)Y ■ ^ 

= VxY + viX)ipY + r]{Y){ipX - iphX) + g{X, i^Y) ■ i - g{hX, ipY) ■ ^ 
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The torsion of this connection is then 

(4.45) T{X, Y) = v{X)^Y - r,{Y)^X - v{Y)Vx^ + v{X)Vy^ + 2dr/(X, Y)^ 
= T]{X)iphY - 7]{Y)iphX + 2g{X, ipY)^. 

Proposition 4.2. On a paracontact manifold the connection V has the properties 

Vr/ = 0, = 0, Vg = 0, 

{Vx^)Y = {VxH=)Y + g{X - hX, Y)^ - rj{Y){X - hX), 
T{i,ipY) = -ipT{i,Y), yGr(D) or Y eT{TM) 
T{X,Y) = 2dr]{X,Y)^, X,YeT{0). 



Proof. Calculation is straightforward by using (4.44) and (4.45 1. □ 

Definition 4.3. We call the connection V defined above on a paracontact manifold 
the canonical paracontact connection. 

We calculate the curvature of V. Let W be the (l,2)-tensor field expressing the 
difference between V and V, Wj^j = T'^j — T^^. We obtain using (4.44) that 

(4.47) Rljk = Rijk + '^^dvj - ^Arii + ^ifijifi - ^[Vje^iVk + d'^^eV3Vk+ 

Contracting (4.47) with respect to i and /, we obtain 

Ricjk = Ricjk - '^9jk + 2??j% - rjkRicjsC^ - RjsrkCC - '^rm'^jC- 

Since Ricjk^-^^^ = 0, we define the scalar curvature of the canonical paracontact con- 
nection of a paracontact pseudo-Riemannian manifold (M, ^, rj, g) by Wi = g^^Ricjk- 
Using (3.23), we obtain VrVs^'^C = —RiCrsC^i'^ ■ Hence, 

(4.48) Wi = seal - Ric{t - 4n. 

Let / and /' be two functions on a paracontact pseudo-Riemannian manifold (M, ^, r], g). 
We define operator A 23 acting on the space of functions by using the hyperbolic 
Laplacian A and 

Ad/ = a/ - ee/ = {g'' - ee)v^v,f, 

and {df; df')o by 

(d/;4f')D = -eT)V./V,/'. 

Furthermore, \df\'^ means {df; df)]o, which is equal to — (■^Z)^. 

Theorem 4.4. Let {r],g) {rj = cn],g) be a conformal (gauge) transformation of 
paracontact pseudo-Riemannian structure. Then the transformation of the scalar 
curvature Wi of the canonical paracontact connection is given by 

(4.49) aW, = W,- ^^^Aea - ^ '^^^ ' '^ dag. 
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Proof. We follow the scheme in |11J. Geometric quantities corresponding to g are 
denoted by ~. We define Wjf^ by 



jk — ^ jk ^ jk- 



Then 

1 



W]k = ^g'^i^jgak + ^kQaj - ^aQjk)- 

The Ricci tensor Ric is given by 

mcji = Ricji + VrWfj - ViW^j + Wi]w;, - w^jWi. 



r 

Is- 



Transvecting the last equality by g^^ — ^■'^^ and using (4.43) we obtain 

(4.50) a{scal - Rfcji^^C^) = seal - Ricji^^S} + {g^^ - i^S!)yrWlj 

First we calculate the following: 

wi^{g'' - ei') = Ir^'i'^igaj + v.gai - VagjMp' - e^) = 
= ^r^i'^jieva) - v,(i(5^'^ - e^'))gai] - \ag''''g,N{\{g^' - ei'))- 

After some calculation, we obtain 

(4.51) wi^^g^'-ei') = -icj-e--<y\ 

■' a a 

(4.52) yr{Wl^{g'' - ee)) = ^\da\l - -A^a. 

Next, using 2Vr{i'S!)W[. = V C^V" Waj + y.gai - Vagji), we derive 

(4.53) Vr{eC')W[j = Ma - 1 + Id') + -(CT^'C + <7X')VsVr + ^^CtCC"^ sVr + 

+ \cyrmCy'Va - 2<^.,V^r + ^CV,r?,(V^Ca + ^ aC')C + ^(1 " |Cl')^T^C'"V,r?,-. 
By a direct calculation we get 

(4.54) J'^Vjgra = 

Therefore 

(4.55) (5^' - eeWiW;, = Aoa - ^^|cia|^. 



The fifth term of the right-hand side of (4.50) is 

(4.56) {g^' - i^e)W,]W;, = -^^(^^Idali 

due to ( |4.51[ ) and ( |4.54| ). 



The sixth term of right-hand side of (4.50) is 



{g''-ei')W^,wi = hg^'-ei')[-y,grsyiW''-2Vagp^ysm^^^^ 
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The right-hand side of the last equaUty is calculated as follows: 



1 



-^|da|2+l(2-a-i-|Cp)|VeP + (l-i)(Ve;VC)+ 
1 |VC|2 + icVzCrr?.V'C-i:(a + l + |Cp)rV/Crr?.V'C^ + ^|V^Cl', 



2a 



a 



2a 



''A\dcT\l + {l-maf] + {^{a-lf + \C\')m'+ 



a^ 



a 



2a 



+ -(l-a)(VC;VC)+(^(cT-l)^+-|Cl^)|VcC|^+-|VC|^+^(l-cT)CV„r?,(e''+OV,C 



a 



a^ 



a 



2a 



2 



:{9''-e^')Vagjrybgisr^7' 



-^\da\l+^a'CysVr + \Cc7{VrC+C'C'^sr]r)- 
2cr^ a a'^ 

z cr fj a 

Since V^C = — -^C) we obtain 



(4.57) 



+ A^^-C'C'V,r/,+-CV^V,77r+-(l+|Cl')C'Vbr?aC'V\,+-CV,77r(V,C+V^a)C'- 



a^ 



a 



a 

-d-- + -icP)ivcei'- 

Z a a 



a 



Since 



a 



etc., summarizing (4.52), (4.53), (4.55 )-(4.57), we get 



a{scal-Ricjii^'^) = scal-Ricji^^ +4n{a-l)- '^^"' ^ Apa- 



(n + l)(n-2) 



from which we obtain (4.49) 



\dcr\l, 
□ 



Corollary 4.5. For function f on M, 
(4.58) 



^1 TL 

Ad/ = - Ad/ + -^{da; df)i 



a 



Proof. By definition of Ap and Ap we obtain 

Ad/ = (?^'^-rr)v./s = -(r-rr)(v./.-w^;,/,) = '^^^f-\g^^-ce)w?sfa. 

a a a 

□ 



Applying (4.51) to the last line, we get (4.58) 
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4.1. D-homothetic transformations. In this section we consider homothetic gauge 
transformation, i.e. conformal transformation with constant function. Our main ob- 
servation here is that these transformations preserve the r/-Einstein condition in the 
paraSasakian case. Moreover, we show that any r/-Einstein paraSasakian manifold 
with seal 7^ 2n is D-homothetic to an Einstein manifold. 
Set a = a = const, in Lemma 4.1 to get 

(4.59) = agjk + Pvjrjk, 

where a and /? = a(a — 1) are constants satisfying a ^ and a + (3 > 0. The inverse 
matrix (if^) of (gjfc) is given by 



(4.60) 



1 



a 



a{a + (3) 



Denoting by VFj^ the difference — F*^ of Christoffel symbols, we have on a 
paracontact manifold 



(4.61) 



w: 



jk 



(3 



a 



2{a + (3) 



which follows from (4.59) and (4.60). 

We assume to the end of this subsection that M is a i^-paracontact manifold. We 
have 



(4.62) 



w: 



jk 



a 



{f)Vk + 'PlVj)- 



Substitute (4.62) into R 



ijk 



K,, + V.H^', - V, W,' + WIW^, - W\W^„ we obtain 



ijk ' 



'jk 



3 ik 



is jk 



js ik^ 



(4.63) 



Rijk = Rijk - ^i'^v'k'Pij - 'Pj'Pik + Vi^jk)+ 



+-{'^j'Pim + "^jfivi - '^i'P^jVk - "^ivivj) + -^i^jViVk - slvjVk)- 

Contracting with respect i and I, we have 

j3 j3 

(4.64) Ricjk = Ricjk + 2-gjk - 2^((2n + l)a + n(3)rijrik, 



where we have used (3.18). Contracting the last equation with (4.60), we get 



(4.65) 



seal 



1 



seal + 2n- 



,2- 



a 

Definition 4.6. If the Ricci tensor of a i^-paracontact manifold M is of the form 

Rie{X, Y) = ag{X, Y) + b7]{X)r]{Y), 

a and b being constant, then M is called an ij— Einstein manifold. 

Proposition 4.7. Let M be a (2n + 1) -dimensional paraSasakian manifold. If the 
Ricei tensor Ric of M satisfies Ric{X,Y) = ag{X,Y) + bri(X)ri(Y), then a, b and 
seal are constant. 
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Proof. From the assumption on the Ricci tensor Ric we have a + b = —2n and seal = 
(2n + l) +6. Then we have Za = —Zb and Z(scal) = (2n + l)Za + Zb = —2nZb. On 
the other hand, Lemma |3. 15 imphes Z{scal) = 2Za-\-2{^b)r]{Z) = —2Zb+{^b)r]{Z). 
Therefore, we obtain (n — l)(Zb) = — (^6)r/(Z). Put Z = ^ in the latter to find ^6 = 0. 
Hance Zb = 0, which shows that b is constant. Then a and seal are also constant. □ 



Theorem 4.8. 



Let (M, ^, r/, g) be a paraeontaet manifold and 

- 1 ^ - - / 2 ^ 

7] = arj, g = ag + [a — ajt] r] 



a 



a 



eonst. 7^ 



be a 



a). 

in). 



-homothetie transformation. Then {^,(,,'r],g) is a paraeontaet strueture too. 
If ((/?, ^, r/, g) is a K -paraeontaet strueture ( resp. paraSasakian), then (jf, ^, r/, g) 
is also a K -paraeontaet strueture (resp. paraSasakian). 
If ['^ V id) a rj-Einstein paraSasakian strueture, then {'f,(,,f],g) is also 
a rj-Einstein paraSasakian strueture. 

If {(f, ^, T], g) is a Tj-Einstein paraSasakian strueture with seal ^ 2n, then 
there exists a eonstant a sueh that (jp,£,,fj,g) is an Einstein paraSasakian 
strueture. 



Proof. If ^ is a Killing vector field with respect to g, then ^ is also a Killing vector field 
with respect to g, since leaves rj invariant. The paraSasakian structure is preserved 
since the normality conditions is preserved under the D-homothetic transformations 
which proves i). If {(p,^,7],g) is r^-Einstein paraSasakian structure then we have 

(4.66) Ric{X, Y) = ag{X, Y) + br]{X)r]{Y) , 



It follows from Proposition 4.7 that a and b are constant and (3.15) yields 
(4.67) 



a + 6 



-2n 



Then equality (4.66) has the form 

,seal 



(4.68) 



Ric{X,Y) = {— + l)g{X,Y) 



2n 



(2n + l + ^)^(X)r/(y), 



2n 



From (4.64|) and (|4.65|, for /3 
(4.69) 



a — a, we derive 



Ric{X, Y) 
Finally, we prove iii). If we chose a 



C-^ + mx,Y) 

In 



(2n + l + ^)77(X)^(y). 
In 



2n—scal 



, the equation (4.65) for /3 = q — a 



gives seal = — 2n(2n+l). Then we obtain Ric{X,Y) = —2ng{X,Y) from (4.69). □ 

4.2. Integrable paraeontaet manifolds. Here we consider the case when the 
paracomplex structure 99 defined on D is formally integrable, i.e. the Nijenhuis 
tensor = [99, 99] satisfies certain integrability conditions. We see below that in 
this case the canonical paraeontaet connection shares many of the properties of the 
Tanaka- Webster connection on Ci?-manifold. We begin with 

Definition 4.9. An almost paraeontaet structure (77, 97, ^) is said to be integrable if 
the almost para-complex structure ip\^ satisfies the conditions 



(4.70) 



7v^(x,y) = o, x,yGr(D). 
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and 

(4.71) [ipX,Y] + [X,ipY] eT{0), X,Y£T{0). 

Equivalently, the it-eigendistrubutions of ip are formally integrable in the 
sense that 

(4.72) [0=^,0=^] G D=^. 



Indeed, (4.72) means that 
(4.73) 



V[X + ^X,Y + ^Y] + [X + ipX,Y + ipY] 
ip[X -ipX,Y- ^pY] + [X - ipX,Y - ipY] 



0, 
0, 



x,Y 

x,Y eT{ 



which is clearly equivalent to (4.701 



Theorem 4.10. A paracontact pseudo-Riemannian manifold {M,g,ip,rj,S^) is in- 
tegrable if and only if the canonical paracontact connection preserves the structure 
tensor (p, 

V99 = 



Proof. It suffices to show that the integrability conditions (4.70) and (4.71) are 
satisfied if and only if 

(4.74) {yxv)Y + g{X - hX, Y)C - rj{Y){X - hX) = 0. 



Indeed, (4.70) can be also written in the form 

^[X - i^{X% ^Y] + ^[^X, Y - r^{Y)i] = [ipX, ^Y] + [X- i^{X% Y - 7?(y)^], 

where X, F G T{TM). 

From the last identity, we obtain 

(4.75) g{{V^x^)Y, Z) - g{{V^Y^)X, Z) + g{{y x^)Y, ifZ) - g{{VYP>)X, pZ)- 

-2drj{X,Y)^ + 7]{X){VY)Z-r,{Y){Vx)Z + v{X)g{V^Y^,ipZ)-i]{Y)g{V^x^,^Z)- 

-r]{X){g{V^ipY, ipZ) + giy^Y, Z)) + r^{Y)[g{y i:ipX, ^Z) + ^(VgX, Z)) = 

From the identity V^(/7 = and the Lemma 2.5 we get 



g{{V^x^)Y, Z) - 5((V^y(^)X, Z) + g{{V x^)Y, ^Z) - 5((Vy(^)X, (^Z)+ 

+r/(X)((Vy)Z + {yz)Y) - r]{Y){{yx)Z + (Vz)X) - 2dr]{X, Y)i = 
That is, 

(4.76) ip\XJnphj - (piVjLphi + (PiVsipkj - (PjVs^si + r]iiVjr]k + ^kilj)- 

-r]j{Vir]k + Vfc?7i) - 2ipijr]k = 0. 



Since drj is closed, the third and the fourth terms of the left-hand side of (4.76) are 
calculate as follows: 

LplVs<Pkj - ^j'^sV'si = -(ptiVkVjs + "^jVsk) + ^'j{VkV>is + Vi(/?sfc) = yi{rijr]k)- 

-"^jiviVk) + ^kimrij) - '^Vj^k^si + '{>k^j^si - ipiViipsj. 

Therefore ( 4.76| ) is equivalent to 

(4.77) ipjVk^si - Vi'^kVj = 0- 
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From the identity (4.77) it follows that 

= Vicpkj + Vupjk - ??j(rVj(/3rfc + ^k^ifls) = -r]jVi{risipi) = 0. 



□ 



The obstruction an integrable paracontact manifold to be normal, i.e. paraSasakian, 
is encoded in the (horizontal) torsion T(^, X) = h{X),X £ B of the canonical para- 
contact connection. The main result here is the following 

Theorem 4.11. The torsion of the canonical paracontact connection vanishes on 
an integrable paracontact manifold if and only if it is paraSasakian. 



Proof. Let be (M, g, rj) an integr able p aracontact manifold. From the Theorem 4.10 
follows Vip = 0. Since equation ( 4.45[ ) we get 

(4.78) Tijk = -Vi^jk + VjV>ik - Vj'^iVk + rji'^jVk + '^^ij'nk- 

From the last equation we calculate 



(4.79) 



CTijk = -^jk + ^jVk = ^{^jVk + ^kVj)- 



If M is a paraSasakian manifold, then P^si = "^r^si — Vidrs + Vs9ri = 0. From the 
last equation we calculate 



(4.80) 



^l'^rr]i = gr 



VrVs 



Transvecting (4.80) by ip^, we obtain 

(4.81) VrVk = Vrk- 



From the equation (4.81 ) we get 

1 



ijk 



^C^jVk + ^krjj) = ^{frk + V'fcr) = 0. 



If C^ijk = from equation (4.79) we have 
(4.82) 



From equations (4.77) and (4.82) we calculate 

Prsi = "^r^si - mgrs + nsQri = S,'' Vs'^ r^li + mf'T^rVk " ??i5rs + %9ri = -C'' ^i"^ r'ni + 
+r]iipf^ rVk - ViGrs + Vsgri = -r]siprl^\ + m^rk^l - r]igrs + rjsQri = Vsi-Qri + Vrlli)- 
-Vii-drs + tlrVs) " Vi9rs + ris9ri = ViOrs " Vsgri " Vidrs + VsOri = 0. 



Therefore P = 0, which equivalent to M to be a paraSasakian manifold. 



□ 



CANONICAL CONNECTIONS ON PARACONTACT MANIFOLDS 
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5. PARACONTACT MANIFOLDS WITH TORSION 
If we introduce the forms 

(5.83) dF-{X,Y,Z) = dF{ipX,Y,Z) + dF{X,ipY,ipZ) + 

+dF{ipX, Y, ifZ) + dF{X, Y, Z); 

(5.84) dF'^iX, Y, Z) = -dF{ipX, cpY, ipZ). 

and a direct consequence of the definitions and Proposition |2.4| is the fohowing 
Proposition 5.1. On any almost paracontact manifold the identities hold: 

(5.85) dF-{X,Y,Z) = -N''^\x,Y,ipZ) - N^^\y, Z,ipX) - n'-^Xz, X,ipY); 

(5.86) A^(i)(X, Y, Z) = N^'\ipX, ^Y, Z) + r^{Y)N^^\X, ^, Z) + i^{X)N'^^\i, Y, Z); 

(5.87) iV(i)(X, Y) = {V^xv)Y - (V^y(^)X + {V x^)vY - {Vyv)vX- 

-v{X)VY^ + r]{Y)Vx^. 

Definition 5.2. A hnear connection V is said to be an almost paracontact connec- 
tion if it preserves the almost paracontact structure: 

= yr] = Vip = 0. 

Theorem 5.3. Let {M^'^'^^^\(f,^,ri,g) be an almost paracontact metric manifold. 
The following conditions are equivalent: 

1 ) The tensor N^^^ is skew- symmetric and ^ is a Killing vector field. 

2) There exists an almost paracontact linear connection V with totaly skew-symmetric 
torsion tensor T. 

Moreover, this connection is unique and determined by 

g{VxY,Z)=g{VxY,Z) + ^T{X,Y,Z), 

where the torsion T is defined by 

T = 2r]Adr] + d^^F - N^^'^ + r? A (^jiV^^^). 
Proof. Let assume that such a connection exists. Then 

= g{Vx^,Z) + ^T{X,tZ) 

holds and the skew-symmetric of T yields that ^ is a Killing vector field, 2dri = ^jT, 
^jdr] = and 

T{^pX, ipY, Z) + T{ipX, Y, ipZ) + T{X, ipY, ipZ) + T{X, Y, Z) = -N'^'^^X, Y, Z). 

The letter formula shows that A^*^^-* is skew-symmetric. Since if is V-parallel, we can 
express the Riemannian covariant derivative of ip by the torsion form: 

T{X, ifY, Z) + T{X, Y, ifZ) = -2g{{Vxv)Y, Z). 

Taking the cyclic sum in the above equality, we obtain 

ax,Y,zT{X, y, ^Z) = -ax,Y,zg{{Vxip)Y, Z) = dF{X, Z). 



22 



SIMEON ZAMKOVOY 



Adding this result to the formula expressing the tensor A^*-^) by the torsion T, come 
calculations yield 

T{ipX, ipY, ifZ) = -dF{X, Y, Z) - g{M^\x, Y), ^Z) + l^{Z)N^^\X, Y). 
By replacing X,Y,Z by (/?y, ipZ and using the symmetry property of the tensor 



J^i'^) in Proposition 5.1 we obtain the formula for the torsion tensor T. 

For the converse, suppose that the almost paracontact structure has properties 
1) and define the connection V by the formulas 2). Clearly T is skew-symmetric 
and 2dri = (,jT = 2Vrj. Since ^ is a Killing vector fiel d, we conclude = = 0. 



Furthermore, using the conditions 1) and Proposition 5.1 we obtain ^jdF = N^'^\ 



Finally we have to prove that Vy? = 0. This follows by straightforward computations 



using the relation between V(/9 and the torsion tensor T, Proposition 5.1 as well as 



the following lemma. □ 

Lemma 5.4. Let {M^'^'"'^^\ Lp, ^, rj, g) be an almost paracontact metric manifold with 
a totally skew- symmetric tensor N^'^^ . Then the following equalities hold: 

(5.88) V^C = ijdri = 0; 

(5.89) {Vxn)y + (Vy7?)X = -(y^xn)vY - {V^YV)^X- 

(5.90) iv(i) {^x, y, = a(i) (A, v?y, o = - a^^) (x, y) = 

= dF{X,Y,0 = dF{^X,y,Y,0- 



Proof. The identities follow from Proposition 2.4 Lemma 2.7 and formula (5.86). 

□ 

We discuss these results for some special paracontact structures. 

Theorem 5.5. Let {M^'^''^^^\ip,S^,r], g) be an almost paracontact metric manifold 
with totally skew-symmetric tensor N^'^^ = 0. Then the condition dF = implies 
Ar(i) = 0. 

1) A paracontact metric structure {F = drj) admits an almost paracontact con- 
nection with totally skew-symmetric torsion if and only if it is paraSasakian. In this 
case, the connection is unique, its torsion is given by 

T = 2riAdr] 

and T is parallel, VT = 0. 

2) A normal (A^^^ = 0) paracontact metric structure admits a unique almost 
paracontact connection with totally skew- symmetric torsion if and only if ^ is Killing 
vector field. The torsion T is given by 

r = 2?7 A dr/ + d'^F. 



Proof If dF = 0, Lemma 5.4 imphes that A^^) = ^jA(^) = 0. Then Proposition 
leads to = dF-{X,Y,Z) = -3N(^\ipX,Y, Z). The assertion that VT = in a 
paraSasakian manifold follows by direct verification. □ 
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We introduce the forms 



(5.91) P^{X,Y) = \Y. R^iX,Y,ei,ipeiy, 

i=l 
, 2n+l 

(5.92) t{X) = -Y,nX,e^,^ 



2 - v'-'-'V^eij 

i=l 



(5.93) dt(X,y) = ^ ^ dT(X,y,ei,v;ei); 

1=1 

Proposition 5.6. Let (M^'^"'^^\ip,^,i],g) be an almost paracontact metric manifold 
with totally skew-symmetric tensor N^^^ and Killing vector ^. Let V be the unique 
almost paracontact connection with totally skew-symmetric torsion. Then one has 

(5.94) p^{X, Y) = Ric^iX, ifY) + {Vxt)Y + ^dt{X, Y) 

Proof. We follow the scheme in [3] and use the curvature properties of V in to 
calculate dt(X,Y): 

dt{X,Y) = {Vxt)Y - {VYt)X + a^{X,Y,ei,ipei) - {V^eJ){X,Y,ei). 

The first Bianchi identity for V together with the latter identity implies 

4p^{X, Y) + 2Ric^{Y, ipX) - 2Ri(F{X, i^Y) = 2dt{X, Y) + 2{Vxt)Y - 2(Vyt)X. 

Using the relation between the curvature tensors of V and V, we obtain 

Ric^{Y, ifX) + Ri(F{X, ifY) = -{yxt)Y - {VYt)X. 

The last two equalities lead to the desired formula. □ 

Proposition 5.7. Let (M^'^"'~^^\(f,^,r],g) be a paraSasakian metric manifold and 
V be the unique almost paracontact connection with totally skew-symmetric torsion. 
Then one has 

(5.95) p^{X, ^Y) = Ric^iX, Y) + 4(n - l){g{X, Y) - r?(X)ry(y)) 
Moreover, the 2-form = if and only if 

(5.96) Ric{X, Y) = -2{2n - l)g{X, Y) + 2(n - l)7]{X)rj{Y). 

Proof. On a paraSasakian manifold T = 2rj A dr] = 2r] A F and VT = 0, where 
F(X, Y) = g{X, (fY) is the fundamental form of the paraSasakian structure. Con- 
sequently, we calculate that 

2n+l 

Vt = 0,dt = 8(n - 1)F, ainx, e,),T{Y, a)) = -8g{X, Y) - 8(n - l)r,{X)ri{Y). 

Using the relation between the curvature tensors of V and V, we obtain 
Ric{X, Y) = Ric^{X, Y) - 2g{X, Y) - 2(n - l)r?(X)r?(y) 
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and _ 



p{X,^Y) = p^(X,v9y) - (2n - l){g{X,Y) - ii{X)r^{Y)), 
and the proof follows from Proposition |5.6[ □ 
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